Here we present an strategy for the derivation of a time-dependent Dyson map which ensures simultaneously the unitarity of the time evolution and the observability of a quasi-Hermitian Hamil- 
Introduction. Since the work by Bender and Boettcher [1] and further developments by Mostafazadeh [2] , quasi-Hermitian PT -symmetric Hamiltonians have been extensively studied. While in the former reference it was suggested that Hamiltonians invariant under spacetime reflection symmetry (PT -symmetry) can have real spectra, in the latter the notion of quasi-Hermiticity was introduced, establishing the grounds for treating non-Hermitian PTsymmetric Hamiltonians using time-independent metric operators [3] . Aiming to extend the scope of Hermitian quantum mechanics, the steps towards the deepening of our understanding of non-Hermitian systems has since been taken in virtually all fields of physics [3] .
More recently, PT -symmetry (PTS) and PTS breaking has been investigated in a variety of systems, such as waveguides [4] , optical lattices [5] and optomechanics [6] . Moreover, a variety of phenomena such as disorder [7] , localization [8] , chaos [9] and solitons [10] have been investigated within PT -symmetric systems.
Despite the overall consensus on handling quasi-Hermitian Hamiltonians through timeindependent metric operators [3] , controversies emerged regarding the generalization to timedependent (TD) metric operators [11, 12] . Although it has been demonstrated that a TD metric operator can not ensure the unitarity of the time-evolution simultaneously with the observability of the Hamiltonian [11] , some authors have disputed this claim [12] , failing however to ensure the unitarity of time evolution by insisting on the observability of the Hamiltonian. A contribution has been recently presented in Ref. [13] for dealing with TD metric operators which, although in agreement with Ref. [11] , goes a step beyond; It has been demonstrated that a TD Dyson equation and a TD quasi-Hermiticity relation (as first introduced in [13] ) can be solved consistently at the cost of rendering the non-Hermitian Hamiltonian to be a nonobservable operator, but showing that any other observable in the non-Hermitian system is derived in complete analogy with the time-independent scenario.
Non-trivial solutions to the TD Dyson equation and the proposed TD quasi-Hermiticity relation have been presented, starting with a non-Hermitian linearly driven harmonic oscillator and a spin chain [13] , and then going to the TD Swanson model [14] .
In the present contribution, however, we present a strategy to go even beyond Ref. [13] , enabling us to account for the unitarity of the time-evolution simultaneously with the observability of a non-Hermitian Hamiltonian for a TD Dyson map. To this end a Schrödinger-like equation is constructed from which we derive the TD Dyson map from the TD quasiHermitian Hamiltonian itself. The key point here is that, despite the time-dependence of the Dyson map our scheme remarkably ensures a time-independent metric operator, a necessary condition for the observability of a quasi-Hermitian Hamiltonian. The distinction here established between the time-dependence of the Dyson map and that of the metric operator is therefore central to the current development. Thus, although we are in agreement with the main premise in Refs. [11, 13] , that a time-independent metric operator is needed for assuring the unitarity of the time evolution simultaneously with the observability of the quasi-Hermitian Hamiltonian, here a TD Dyson map is considered, and this is an important point since for a TD non-Hermitian Hamiltonian, a time-independent Dyson map is a rather restrictive choice.
Our Schrödinger-like equation applies, however, to a more general scenario than the one for which it was constructed; apart from the TD non-Hermitian Hamiltonians, it also applies to time independent non-Hermitian Hamiltonians, in the latter case recovering exactly the standard procedure for handling non-Hermitian quantum mechanics as we show A Schrödinger-like equation for the evolution of the TD Dyson map. Starting with a brief review of the developments in Ref. [13] , we consider a non-Hermitian TD Hamiltonian H(t) associated with the Schrödinger equation i∂ t |ψ(t) = H(t) |ψ(t) . A TD Dyson map η(t) thus leads to the TD Dyson relation, i.e., the transformed Hamiltonian
which generates the evolution of the equation i∂ t |φ(t) = h(t) |φ(t) , where |φ(t) = η(t) |ψ(t) . Due to the gauge-like term in Eq. (1) the non-Hermitian H(t) and its Hermitian counterpart h(t) are no longer related by means of a similarity transformation, resulting in that H(t) is not a self-adjoint operator and, therefore, not observable. The Hermiticity of h(t) leads however, as referred to in Ref. [13] , to the TD quasi-Hermiticity relation
which replaces the usual relation H † ρ = ρH for a time-independent metric. Assuming ρ(t) to be a positive-definite TD metric operator, it is straightforward to verify that the generalized Eq. (2) leads to the expected relation between the TD probability densities in the Hermitian and non-Hermitian systems, given by
From the above observation one concludes, as in Ref. [13] , that even for TD Dyson maps, any observable o(t) in the Hermitian system possesses a counterpart O(t) in the non-Hermitian one -except for the non-Hermitian Hamiltonian itself-given by
in complete analogy for time-independent Dyson maps.
Our strategy to restore a similarity transformation from Eq. (1) and, consequently, to restore the observability of H(t) -thus going beyond Ref. [13] -, is to impose the gauge-like
, thus leading to the Schrödinger-like equation
which enable us to compute the TD Dyson map from the non-Hermitian H(t) itself. The
Eq. (5), which is similar to the Schrödinger equation written in the dual Hilbert space, ensures the similarity transformation
and by demanding h(t) to be Hermitian, we derive the quasi-Hermiticity relation
which, together with Eq. (2), implies, despite the time-dependence of the Dyson map, the time-independence of the metric operator, ρ(t) = ρ(t 0 ), a necessary condition for the observability of H(t), the time-dependent similarity transformation (6) being the necessary and sufficient condition the observability of H(t). The quasi-Hermiticity relation (7) helps us to define the initial condition η (t 0 ) for the exact solution of Eq. (5), given by
where T denotes the time ordering operator. Except for the initial condition η (t 0 ), η (t) is a determinist operator following from the non-Hermitian H(t). In short, under the constructed Schrödinger-like equation (5) the TD Dyson equation (1) and quasi-Hermiticity relation (2) reduce to their simplified forms in Eqs. (6) and (5) which ensures the unitarity of the time evolution governed by H(t) simultaneously with the observability of such a non-Hermitian
Hamiltonian. Finally, with the unitarity of the time-evolution assuming the form of Eq. (3), the matrix elements of the observables in Eq. (4) becomes
In Supplementary Material (SM) we demonstrate from Eq. (8) and using (7), that ρ(t) =
, with the initial value η (t 0 ) following from the parameters defining
An illustrative example. In order to illustrate the method proposed above, we consider a
Hamiltonian of the form
where H 0 (t) stands for the usual free Hamiltonian and κV (t) stands for a non-Hermitian interaction with a real dimensionless strength κ, to be considered as a perturbation parameter.
The TD Dyson map coming from Eqs. (8) and (10) is thus given by
whereṼ (t) = exp −i
For a TD harmonic oscillator under a TD non-Hermitian linear amplification, H (t) is given by
where we are assuming ω(t), α(t), β(t) ∈ C. Evidently, H (t) is not Hermitian when ω(t) / ∈ R or α(t) = β * (t), and it becomes PT -symmetric when demanding ω(t) to be an even function in t or a generic function of it, simultaneously with demanding α(t), β(t) to be odd functions in t or pure-imaginary generic functions of it.
In order to determine the Dyson map given by Eq. (11) we first consider the same ansatz as that in Ref. [13] for η (t 0 ) = exp γ (t 0 ) a + λ (t 0 ) a † ; we then compute the timeindependent parameters γ and λ from the quasi-Hermiticity relation (7) instead of the similarity transformation (6) , avoiding the need for the perturbation expansion of the timeordering operator in the TD Dyson map η (t). The relation H † (t) = ρ(t 0 )H(t)ρ −1 (t 0 ), coming from Eq. (7), thus demands the functions ω(t) and α (t) β (t) to be real and γ (t 0 ) +
With the TD functions delimited in this way and guaranteeing the Hermiticity of h (t), we then use the similarity transformation (6) to compute
Evidently, the similarity transformation, and consequently the TD Dyson map, is as important to the problem as the quasi-Hermiticity relation, and so the time-independent metric operator. Considering the perturbation parameter κ ≪ 1, we have also verified in SM (up to first order of perturbation to avoid extending the already lengthy calculations), that ρ(t) = η † (t 0 ) η (t 0 ), now without directly using Eq. (7), but using instead the restrictions imposed by this equation on the TD parameters of the Hamiltonian (12) . Moreover, we compute the TD functions u (t) =
Solutions of the Schrödinger equation for the quasi-Hermitian Hamiltonian. Using the
Lewis and Riesenfeld invariants [15] , as done in Ref. [16] , the basis state solutions of the Schrödinger equation governed by Hamiltonian h (t) are given by the TD displaced number
where θ (t) follows from the equation iθ (t) = 2ω (t) θ (t) + u * (t), whereas the TD Lewis and Riesenfeld phases are given by
It thus follows that |φ m (t) = V (t, t 0 ) |m , with the evolution operator V (t, t 0 ) =
, and the overall phase
for a generic superposition |φ(t) = m c m |φ m (t) , the generic solution of the Schrödinger equation for the quasi-Hermitian H (t) is given by
with
Observables. The observables associated with the pseudo-Hermitian H(t), given by Eq.
(4), are easily computed for the quadratures
to the operators
where the first term on the rhs stands for the unperturbed diagonal Hamiltonian H 0 (t) whereas the second term stands for the perturbation correction. Regarding the Hamiltonian H(t) itself, its matrix elements in Fock space states are given by
where
PT -symmetry breaking. In spite of the time-dependence of the Hermitian Hamiltonian (13), we successfully derive an eigenvalue equation for this operator by defining, as in Ref.
[16], the TD operators b(t) = a + ξ * (t) and b † (t) = a † + ξ (t), associated with the relations 
, thus leading to the TD eigenvalue equation
with E m (t) = 2ω(t)m − 2κ 2 α(t)β(t)/ω(t). From Eq. (20) and the similarity transformation h(t) = 2η(t)H(t)η −1 (t) we obtain (apart from an irrelevant factor 2)
showing -as usual in the case of time-independent non-Hermitians Hamiltonians and Dyson maps-that the quasi-Hermitian H(t) and its Hermitian counterpart, are isospectral part-ners. From the eigenvalue Eq. (21) its is clear that the PT -symmetry breaking occurs if ω(t) and/or α(t)β(t) cease to be real, resulting in the loss of the Hermiticity of h(t) [3] .
The eigenstates and the solutions of the Schrödinger equation for h (t) are connected through the relation |φ m (t) = U(t, t 0 )|ζ m (t) with U(t,
and it is not difficult to find that the eigenstates of h(t) are the solutions of the Schrödinger equation governed by the Hamiltonian
On the generality of the Schrödinger-like equation. It is worth stressing that the Schrödinger-like equation (5) can be taken as a general procedure for the derivation of Dyson maps, even in the case of time-independent non-Hermitian Hamiltonians. In this case, all the expressions, from Eq. (1) to (9), remain valid except that H(t) must be replaced by H and the time ordering operator must be removed from Eq. (8), thus leading to η (t) = η (t 0 ) exp [−iH (t − t 0 )] and, consequently, to a time-independent hermitian h = 2η (t) Hη −1 (t) = 2η (t 0 ) Hη −1 (t 0 ). Therefore, for a time-independent H we simply recover the time-independent scenario for non-Hermitian quantum mechanics, showing that the Schrödinger-like equation can be used as a general procedure for the derivation of TD Dyson maps with associated time-independent metric operators, thus ensuring simultaneously the unitarity of the time evolution and the observability of a quasi-Hermitian Hamiltonian.
Even more generally, the strategy for the derivation of the Dyson map is not limited to the non-Hermitian quantum mechanics; it can be used when two Hermitian Hamiltonians are connected through a unitary transformation (instead of the non-unitary Dyson map) in the standard formh(t) =Ũ(t)H(t)Ũ † (t) + i ∂ tŨ (t) Ũ † (t). By defining the Schrödinger-like equation i∂ tŨ (t) =Ũ(t)H (t), leading to the solutionŨ (t) =Ũ (t 0 ) T exp −i
the relation between the Hamiltonians reduces toh(t) = 2Ũ (t)H(t)Ũ † (t), thus simplifying the form ofh(t) by circumventing the need for a (not always easy to derive) Gauss decomposition for the time derivative of the operatorŨ (t).
Conclusion. As already stressed above, working in a scenario where TD metric operators are considered, in Ref. [13] it has been demonstrated that the TD Dyson equation and quasiHermiticity relation can be solved consistently at the cost of rendering the non-Hermitian
Hamiltonian to be a nonobservable quantity. Therefore, in complete analogy to the timeindependent scenario, where a time-independent Dyson map is used, it follows from Ref.
[13] that any observable o(t) in the Hermitian system possesses a counterpart O(t) in the non-Hermitian system, given by Eq. (4), even though the Hamiltonian is not an observable.
Here, disconnecting for the first time in the Literature the time-dependence of the Dyson map from that of the metric operator, we first construct a Schrödinger-like equation, governed by the non-Hermitian Hamiltonian itself, from which we derive a TD Dyson map which remarkably leads to a time-independent metric operator. Whereas the time-independence of the metric operator ensures the quasi-Hermiticity relation and then the unitarity of the time evolution simultaneously with the observability of a quasi-Hermitian Hamiltonian, the time-dependence of the Dyson map is an important demand since for a TD non-Hermitian
Hamiltonian, a time-independent Dyson map is a rather restrictive choice.
We have shown that our Schrödinger-like equation applies for the derivation of a TD Dyson map either from a TD or a time-independent non-Hermitian Hamiltonian, in the latter case recovering exactly the standard procedure for time-independent non-Hermitian quantum mechanics. We have, in addition, presented an illustrative example given by the harmonic oscillator with a TD frequency under a TD non-Hermitian linear amplification process. This Hamiltonian has been solved using the Lewis and Riesenfed TD invariants, in a similar fashion to what has been done in Ref. [13] , but now on a framework where the quasi-Hermitian Hamiltonian is also an observable quantity. We also succeeded in achieving a TD eigenvalue equation for our quasi-Hermitian Hamiltonian, which has helped us to analyze the PT -symmetry breaking process.
